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1. Introduction 

The pure spinor formalism was invented ten years ago by Berkovits to provide a co- 
variant quantization of the superstring UJ. The idea is to construct an action for the 
superstring which preserves spacetime supersymmetry and describes the superstring spec- 
trum. In a flat background, the action depends on the ten-dimensional superspace variables 
and a bosonic pure spinor variable necessary for conformal invariance. Besides, Berkovits 
introduced a BRST charge which allows quantization. The spectrum coincides with the 
Green-Schwarz result in the light-cone gauge || . The spectrum can also be described in a 
ten-dimensional covariant manner ||. Tree- level scattering amplitudes were defined in [ffl 
where it was shown that this prescription reproduces certain RNS results. 

A prescription to compute loops in scattering amplitudes was defined in ||. It allows 
to show some vanishing theorems of supergravity effective actions. However complications 
coming from picture-changing operators can be avoided by adding new variables to the 
formalism without changing the physical content of the theory. This was done in || where 
the new variables also satisfy pure spinor conditions. This leads to the non- minimal pure 
spinor formalism that will be reviewed below. 

The organization of this paper is as follows. In Section 2 we review the pure spinor 
formalism in the minimal and non- minimal versions. In section 3 we discuss general prop- 
erties of the b b OPE and determine its vanishing by using cohomology arguments. 



2. Reviewing The Pure Spinor Formalism of the Superstring 

Consider a string in a flat ten-dimensional spacetime. The world-sheet action is given 

by 

f 1 - - - 

S = d 2 z - dX m dX m + Pa d6 a + u ce d\ a , (2.1) 

where (X m , 6 a ) are the coordinates of the N = 1 superspace in ten dimensions^, p a is the 
canonical conjugate of 9 a , the pure spinor A a is constrained to satisfy 

(A 7 m A) = 0, (2.2) 

where 7 m are the symmetric 16 x 16 Pauli matrices in ten dimensions. The canonical 
conjugate u a of the pure spinor is defined up to 

5u a = (A 7m ) a A m . (2.3) 
2 That is, m = 0, . . . , 9 and a = 1, . . . , 16. 
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Note that ( |2.2|) and ( |2.3| ) imply that A and u have eleven independent components re- 
spectively. This assures the conformal invariance of the action (|2.1| ) since the total central 
charge vanishes. 

The quantization of this system is done after defining Q = § \ a d a as BRST of the 
theory. Here, d a is a supersymmetric combination of X, p, 9 given by 

d a = Pa - h~? m 0) a dX m - i(7m0)a(07 m 30). (2.4) 
Z o 

Note that Q 2 = is consequence of the OPE 

"i m n 

d a (y)d p (z) -fS-^, (2.5) 

and the pure spinor condition (2J2). Here U m = dX m + |(#7 m d#) is the supersymmetric 
momentum. The OPE algebra among (d a , n m , d9 a ) will be necessary below. To complete 
it, we need 0. 

mn 



d a (y)U m (z)^ K l } z y d a (y)ddP(z)^-^, U m (y)U n (z) -+ --JL- ^ (2.6) 



Although it is not known if Q is a genuine BRST charge, in the sense that the gauge 
symmetry which is being fixed is unknown, we can study the cohomology of Q and see if 
it has some physical meaning. It turns out that the cohomology of Q is equivalent to the 
spectrum of the Green-Schwarz superstring as it was demonstrated in || using the light- 
cone gauge. In a covariant language, the physical states are described by ghost number one 
vertex operators. For massless states, the vertex operator U = X a A a (X,9) satisfies the 
equations of motion and the gauge invariance of super-Maxwell system in ten dimensions 
after declaring that U is in the cohomology of Q, that is QU = and U ~ U + QVt. 
Similarly, the first massive state was discussed in 0. 

The pure spinor variables enter in invariant combinations under ( |2.3p . If we con- 
sider holomorphic combinations only, we have the possibilities T pure = —u a d\ a , which 
contributes to the stress tensor, J = — cj a A Q , which can be defined as the ghost number 
current, and N mn = ^(X"f rnn u) 1 which can be defined as the Lorentz current for the pure 
spinor variables. Of course we can define others combinations that are invariant under 
( |2.3|) , but they can be written in terms of (T pure , J, N mn ). We will need the OPE algebra 
between J and ]V mn , it is || 

J( y )J(z) ^ J(y)N mn (z) 0, (2.7) 
(y - z) 1 
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N mn (y)N pq (z) -> . 3 xo 77 m[ V ]n - 7 1 r (r/ m[p iV g ] n - ^[ p ^ m ). 

(y - *r (y - z ) 

To compute scattering amplitudes, the formalism needs to break manifest Lorentz 
invariance 0. In order to preserve Lorentz covariance, it is necessary to modify the 
formalism without spoiling its properties. This is the non-minimal pure spinor formalism 
||. We add new variables. They were called non-minimal variables in || and are a bosonic 
spinor A Q and a fermionic spinor r a constrained to satisfy 

(A 7 m A) = 0, (A 7 m r) = 0. (2.8) 

Note that these constraints imply that X a and r a have eleven independent components 
respectively. The action for them is of the form 

S nm = J d 2 z u a d\ a + s a 8r a , (2.9) 

where cJ a is the canonical conjugate of A a and s a is the canonical conjugate of r a . Each 
conjugate variable has eleven independent components because the gauge invariance 

Su a = (7 m A) a A m - (7"V) Q A m , (2.10) 

Ss a = ( 7 m A) Q A m . 

At this point we could ask if it is possible to construct a b ghost. In the minimal 
version it is possible to write || 



&=?^-, (2-11) 
C a \ a v ' 

where G a is 



G a = hi m { lm dr ~ \N mn ( lmn d9) a - ^Jd9 a - - A d 2 6 a , (2.12) 

and satisfies QG a = X a T with T being the stress tensor 0. Since C a is a constant spinor, 
the b ghost defined in this way is clearly non covariant. In the next section we will review 
how to define a covariant b ghost using the non-minimal variables. Before, we will study 
some general properties that can be learnt for an arbitrary b ghost. 



3. Nilpotency of the b Ghost 

In this section we will argue that the b ghost of the non- minimal formalism is nilpotent. 
We will perform a general analysis first, by constraining the form of the b b OPE dictated 
from conformal invariance and BRST invariance. 



3 



3.1. Generic analysis 

The b ghost comes from gauge fixing the parametrization invariance of a string. In 
the conformal gauge, it is a world-sheet field of conformal dimension two which is nilpotent 
and satisfies 



Qb = T, (3.1) 

where Q is the BRST charge and T is the stress tensor. The generic OPE of b with itself 
has the form 

W6( ^^ + J^ + JM£L + iM£) (3 . 2) 

kv-z) (y-z) 6 \y-z) (y-z) 

where O n is a field of conformal dimension n which are not necessarily primary fields. 

Now we are going to impose some restrictions on these fields. The first ones come from 
the Grassmannian nature of b, from which we know that b(z)b(y) = —b(y)b(z) is satisfied. 
Using this and the expression (|3.2| ), we obtain 



O =0, 2 = X -dO x . (3.3) 



Up to now we have, 



Oi(z) 1 00i (z) 3 (z) . „ N 

W'^^Ff^' (3 ' 4) 

Now, we will apply the stress tensor T(w) to this expression and we use the fact that the 
b ghost is a primary field 0. On the l.h.s. we obtain 

, \rz \ I / \ , 2b(y) db(y) , w 2b(z) db(z) . 
T(w)b(y)b(z) -> ( . l % 2 + -^L)b(z) + b(y)( , V \ 2 + 



(w — y) 2 (w — y) (w — z) 2 (w — z) 

and now we use (|3.4j) to get 

2 , Oi(z) | 1 ggi(g) , 3 (z) ^ 



(w-y) 2 (y-z) 3 2 (y-z) 2 (y-z) 

1 r -3gi(£) ggi(£) ga(g) . 2 Ox (^) 1 ggi(£) Q 3 (z) , 

+ («;-2/) l (y-z) 4 (y-z) 3 (y - z) 2 } + («, - z) 2 [ (y - z) 3 + 2 (y - z) 2 + (y - z) } 

. 1 , 30x(z) 2c>Q 1 (z) l ^O^z) Q 3 (z) d0 3 (z) , 



(io-z) (y-z) 4 (y-z) 3 2 (y-z) 2 (y-z) 2 (y-z) 
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We organize this in terms of expansion in inverse powers of (y — z) and inverse powers of 
(w — z). To do this we need to use 



(w — y) (w — z) (w — z) 2 (w — z) 3 (w — z) 

1 1 2 , N 3 



[w — y) A (w — zy (w — zy (w — zy 



to obtain 



1 Oi(z) ; dQ 1 (z) 1 Q 1 (z) gOi(g) , 19 2 Oi(^) 



(y — z) s (w — z) 2 (w — z) (y — z) 2 (w — z) s (w — z) 2 2 [w — z) 
1 , 3Qi(z) : gOi(j 3Q 3 (z) <90 3 (z), 



(y — z) (it; — z) 4 (w; — z) 3 (w — z) 2 (w — z) 
Applying T(w) on the r.h.s. of ( |3.4|) , and comparing with the above expression we deter- 
mine the OPE's between the stress tensor and the O operators. We obtain 

T {w)O x z ) -> r^ + T r, (3.5) 

(w — zy (w — z) 

which implies that 0\ is a primary field, 

2 (u> — zy {w — z) z 2 (it? — zj 

which is consistent with the TO\ OPE, and 

T{W)0 3 {Z) -> rj + ~ Tg + ~ + ~ r, 3.6 

(w — zy (w — zy (w — zy (w — z) 

which states that 3 is not primary. 

Consider again ( p.4j) . Now we act this expression with Q and use the fact that the b 
ghost is primary. On the l.h.s we obtain 

Qb(y)b(z) - b(y)Qb(z) = T(y)b(z) - T(z)b(y) -+ 0. 
On the r.h.s, this implies that QO\ = QO3 = 0. 



3.2. The pure spinor case 

Now, we consider the BRST charge and the b ghost for the pure spinor in its non- 
minimal version. The BRST charge is given by 



Q 



X a d a + ul a r c 



(3.7) 



and the b ghost is given by 



b = b- 1 + bo + b 1 + b 2 + b 3 
-^—\ a rpH a ^ - _ \ a rpr- 



(3.f 



= -s a dX a + -irA a G Q - jl^XarpH^ - j^X a rpr^K a ^ + -^Xarpr^L^" 
(XX) 



(XX) 2 (XX) 3 ' (XX) 4 

where (G, H, K, L) are conformal dimension 2 fields which satisfies 



QG a = X a T, QH ap = X [a G p \ QK aPl = X [a H^\ QL a ^ s = \1<*K^ S] , X [a L Pl5p] 

(3.9) 

These fields depend on the minimal fields in the form 



0. 



G a = ^IL m ( lm d) a - \N mn ( lrnn der - \jd6 a - - A d 2 6 a , 



H 



a3 



192 p 



l± v {{d 1 mn vd)+2AN™W), 
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rap-yS _ 1 [ap ( pqr\j8] jy-mn j\t 



qr ■ 



(3.10) 

(3.11) 
(3.12) 
(3.13) 



Note that when the triple pole in the b(y)b(z) OPE vanishes, (|3.4|) will be of the form 

Os(z) 



b(y)b(z) -+ 



{v-*y 



(3.14) 



where O3 is a primary conformal dimension 3 field which is annihilated by Q. Cohomology 
arguments will imply that O3 is BRST trivial. Moreover, we will show that O3 vanishes if 
we demand supersymmetry covariance and use cohomological arguments due to the form 
of the BRST charge Q. 

The OPE b(y)b(z) is an expansion in powers of r Q . The term r n comes from contrac- 
tions between bk with b n -k with k = 0, 1, 2,3. Now we will show that the triple pole in 
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this OPE vanishes order by order in powers of r because the pure spinor conditions for the 
non- minimal variables ( |2.8| ). 

At order r° , we consider the OPE's b-i(y)bi(z) — (y «-»■ z) and bo(y)bo(z). Only 
the last one will produce a triple pole. In fact, it comes from the OPE between the term 
n m (7 m d) a in (EHUD with itself. It is of the form 

u m ( lm dn y )u n ( ln df(z) -+ -J-— 7 ^n m (^) + • • • . 

[y - zY 

Therefore, it vanishes after hitting with A a A ( g/(AA) 2 because the pure spinor conditions 

At order r 1 , we consider the OPE's b-i(y)b2(z) — (y <H> z) and bo(y)bi(z) — (y -H- z). 
The last OPE produces a triple pole. It comes from contractions between first term in 
( p.lO|) with the first term in (|3.11|) . We obtain an OPE of the form 

G a (y)H^(z) -+ -j^^li\ P {l mnp dr + ■■■■ 

After hitting with A Q A^/(AA) 3 we obtain that this singularity is proportional to 

(A 7 m ^)(A 7mnp r), 

which vanishes after factoring out A a A,g, symmetrizing in (a/3) and using the identity for 
the gamma matrices 

(7 m ) (Q/3 (7m) 7),5 = 0. (3.15) 

At order r 2 , we consider the OPE's b-i(y)b^(z) — (y <H> z), bo(y)b2(z) — (y 4-> z) 
and bi(y)bi(z). The last two possibilities determine triple pole singularities. Consider first 
bo(y)b2(z) — (y z). The triple pole comes from contractions between the second term in 
( p.lO|) with (|3.12|) . We also obtain a fourth pole. The result is 

-I (n/ m ) a Wr V ^S] ™ j 

{y Z^ rnnp ' 5 

which vanishes after hitting with A Q A^r 7 r,5 because of the pure spinor conditions. Note 
that the fourth pole vanishes, but it potentially implies a third pole singularity since we 
need to expand X(y) around z. It also vanishes because (<9A7 m A) = 0. Consider now 
bi(y)bi(z). The triple and higher poles come from contractions between the first term in 
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( j3.11|) with itself and between the second term in (|3.11| ) with itself. After hitting with 

A Q r / g/(AA) 2 (y)A 7 r5/(AA) 2 we obtain 

1 ■(M mnp r)(y)(X^r)(z) + ^—^(X lrnnp r)(y)(\^%r)N^(z) + • • • , 



which vanishes because of ( ^.15| ). 

At order r 3 , we consider the OPE's bo(y)bs(z) — (y <-> z) and bi(y)b2(z) — (y z). 
Consider first bQ{y)b^{z). The triple and higher poles come from contractions between the 
second term in ( |3.10| ) and ( |3.13|) . Using the OPE algebra for ]V mn and multiplying by 

Aa(y)A i ar 7 r5r p (z), we obtain 

' (Xlmnd6)( n ^r)(X lpq n r). 



(y-z) 



Factoring out A Q from the first term, A^ from the last term, symmetrizing in (a/3) and 
using the identity (j3.15|) , we obtain that this singularity is proportional to 

X a dd a (X lmnp r)( n mnp r), 
which vanishes because {^mn P ^*)q (r7 mn ^V) — as consequence of the identity 

tflTT = -\l^il m V 5 + ^i P (l mnp r S , (3-16) 



which is implied by ( BTT5 ). Consider now b\(y)b2 (z). The triple and higher poles come 



from contractions between the second term in (|3.11] ) with (|3.12| ). Using the OPE algebra 
for N mn and multiplying by A a r •p(y)X^r -$r p (z) , we obtain 

' (A7m7n^)(r 7 mM r)(A7 n M r). 



(y-z) 

Factoring out A Q from the first term, A/3 from the last term, symmetrizing in (a/3) and 
using the identity ( |3.15| ), we obtain that this pole vanishes. 

At order r 4 , we consider the OPE's bi(y)bs(z) — (y <H- z) and 62(^)^2 (-2) • The 
contractions in b\{y)b^{z) do not provide triple or higher order poles. The OPE &2(y)&2(#) 
does contribute. It gives 

' (n m n P r)(n mnq r) (A 7 p 7(? 7 r A)n r . 



(y-z) 



The term involving two A is zero because the pure spinor condition. The product of 
three gamma matrices can be expressed in terms of (A 7 m A) plus a term proportional to 
(A~7 mn PA). 

At order r 5 , the poles com from 62(2/) ^3 (z) — (y z). The contractions here do not 
provide triple or higher order poles. It remains the order r 6 which come from b^{y)b^{z). 
Using the OPE algebra for jV mn we obtain a fourth and a triple poles of the form 

1 l(n mnp r) (XY qr r) (r 7 mn V) (z) (A 7spg r) + (r 7mnp r) (A 7 % r r) (r 7 mp s r) ( A 7 S "V)] 



(y- z 

1 



\(rirnn P r){\l mnq r){r lstu r){\Y s q r)N tu + ••■]. 



(y - z Y 

This expression vanishes because (A 77Tmp r)(A 7 mni3, r) = and (A 7mrip r)(A 7 m<jr r) = as 
consequence of (|3.15|) and the pure spinor conditions. Note that the ■ ■ • terms above 



always involve the combination (A 7mnp r)(A 7 mg7 >) = 0. 

Up to now we have proven that the OPE b{y)b{z) has a single pole only in the form 

(EH) 

where O is annihilated by the BRST operator ( |3.7| ), has conformal weight 3 and is primary 
according to (|3.6|). It turns out that O can be expanded in powers of r as 

= n + r a fi Q + r a rpn a P + ■■■ + r^pr^srpr^^ 5 ^. (3.17) 

Note that . . . , Q a ^7<W are g e ^ s which depend on A Q and on the minimal variables 
through the supersymmetric combinations d ,,U rri ,d9 '. Note that there is no terms in- 
volving derivatives of the pure spinor A a nor the non-minimal pure spinor r Q . In principle 
it is possible the appearance of such terms in (|3.17| ) because they could be generated by 
Taylor expansion of higher poles in the b(y)b(z) OPE. Consider terms with one factor of r 
in b(y)b(z). As we already noted, the combination bo(y)bi(z) + bi(y)bo(z) is the relevant 
one in this case. We see that a triple pole here will be proportional to 

^(z)^ 2 (yhX(7 mnp d(y)) a , 

(AA) (AA) 

which come from contractions between d 2 6 a in G a with (<i 7mnp (i) in H^ 1 . When we 
perform a Taylor expansion to get a single pole we note that all the terms involving 
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a factor Aq-A^ vanish because the first pure spinor condition in ( |2.8| ) and the identity 
1mlnpqrsl m = 0. We obtain a single pole contribution of the following type 

x a dX p dr^ m n P )^(i mnp ) a5 - 

Although this expression does not vanish, we will show that it can be written as an ex- 
pression without derivatives on r. We first note that the 7-matrices combination here can 
be written as ( |3.16| ). Then the single-pole contribution becomes proportional to 

KdXpdr, (7^(7™)^ + ^ 7 (7"T 5 ) • (3-18) 

In the first term we can use (A7 m <9r) = — (<9A7 m r) which is consequence of the second 
pure spinor condition in ( |2.8| ). For the second term we use that (dXjmdr) is proportional 
to (d 2 Xj m r) + (X^ m d 2 r) because of the same pure spinor condition. When we insert this 
result into (|3.18| ), we note that this expression becomes proportional to 

(dX^ m r)^ m dXf + i(A 7m a 2 A)(7 m r)^. 

Similarly all the terms with potential derivatives on r can be shown to be written as 
expressions without derivatives on r as consequence of the pure spinor conditions (|2.8|) . 

Note also that N mn and J in ( |3.8|) produce singularities when act on A a of the de- 
nominators in (|3.8| ). These contractions are single poles and are all of the form (|3.17|) . 



The BRST operator ( 3 .71) can be written as Q = Qq + Qi, where Qo is the BRST 
charge in the minimal pure spinor formalism and Q± = §uj a r a . The equation QO = can 
also be expanded in powers of r. Since Q\r a = and QiAq, = r a we expand as 

QO = Q n + (Q 1 n- r a Q n a ) + {-r a Q 1 n ol + T a r + ■■■ + r a r p r 1 r s r p r a Q 1 n a ^ s P IJ . 

(3.19) 

Here Qofl is of order r°, (QiQ — r a QoQ a ) is of order r , etc... Now we will argue that 
O is zero. The bosonic field Q depends on two factors of A a , and on IT 771 , i\r mn , J, <i a , d6 a 
and their derivatives such that the combination has conformal dimension three. After 
discarding the terms which vanish because the pure spinor conditions, a possible O has the 
form 

O = A(X~f m d 2 X) + BX a dXpd6 a d6P + C (X-f mnp dX)U m N np (3.20) 

+D(x- frnnp dx)(d-f mnp d)u m + Ex a Xpde a d 2 e? + ■ ■ ■ , 
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where A, B, C, . . . are fixed by demanding QqQ = 0. There are more combinations in O 
that we are not writing but, it turns out that BRST invariance does not mix them, then 
all the possible terms in (|3.20| ) must be discarded. Therefore, O, is absent in ( |3.19|) . Now 
we consider the next term in the r expansion ( |3.19|) and similarly prove that QqQ 01 = 0. 



Construct all possible terms which are fermionic and have conformal dimension three. 
Some possible terms are 

ir = A(A 7m ) a (a 2 A 7 m rf) + B(\y mnp dX)(rf mnpqr d) a N qr + ■ ■ ■ , (3.21) 

but again all possible combinations has to be discarded because BRST invariance. This 
line of reasoning continues until we show that O is zero. 
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